The subject of this article is the modelling of the influence of non-minimum phase discrete-time system dynamics on the performance of norm optimal iterative learning control (NOILC) algorithms with the intent of explaining the observed phenomenon and predicting its primary characteristics. It is established that performance in the presence of one or more non-minimum phase plant zeros typically has two phases. These consist of an initial fast monotonic reduction of the L 2 error norm (mean square error) followed by a very slow asymptotic convergence. Although the norm of the tracking error does eventually converge to zero, the practical implications over a finite number of trials is apparent convergence to a non-zero error. The source of this slow convergence is identified using the singular value distribution of the system's all pass component. A predictive model of the onset of slow convergence behaviour is developed as a set of linear constraints and shown to be valid when the iteration time interval is sufficiently long. The results provide a good prediction of the magnitude of error norm where slow convergence begins. Formulae for this norm and associated error time series are obtained for single-input singleoutput systems with several non-minimum phase zeros outside the unit circle using Lagrangian techniques. Numerical simulations are given to confirm the validity of the analysis.
Introduction
Iterative learning control (ILC) is a control method for improving tracking performance of systems that execute the same task repeatedly by learning from past actions. Applications of ILC can be widely found in areas including industrial robot manipulators (Arimoto, Kawamura, and Miyazaki 1985; Jiang, Woo, and Unbehauen 2002) , chemical batch processes (Wang, Shi, and Zhou 2006; Lee and Lee 2007) , some medical applications and manufacturing (Dou, Tan, Lee, and Zhou 1999; Huang, Chan, Hsin, and Ko 2003) . Since the original work (Arimoto, Kawamura, and Miyazaki 1984) in the mid-1980s, the general area of ILC has been the subject of substantial research effort. An initial source for the literature here are the survey papers by Bristow, Tharayil, and Alleyne (2006) , Ahn, Chen, and Moore (2007) and Owens and Hatonen (2005) .
In principle, ILC has shown its capability of attaining high tracking performance. However, as in all control algorithms, including the familiar feedback control paradigm, there are limitations to what ILC can achieve depending on the characteristics of the plant. In particular, when dealing with non-minimum phase systems, ILC algorithms will be seen to result in a fast reduction in the tracking error initially and then slow convergence thereafter, which is undesirable in practice. The existence of the problem was originally realised in Amann and Owens (1994) and several methods (Gunnarsson and Norrlof 2001; Freeman, Lewin, and Rogers 2005; Wang and Chen 2005) have been proposed to solve this problem. It is believed, however, that the basis of the slow convergence phenomenon is not fully understood and new design methods to solve this problem are still needed.
In this article, the performance of norm-optimal iterative learning control (NOILC) algorithms for the discrete time linear time invariant non-minimum phase systems is studied in terms of the singular value structure associated with an all-pass network arising from the plant transfer function. This article is organised as follows. In Section 2 the problems observed when NOILC is applied to non-minimum phase systems are introduced briefly with emphasis on illustrating the primary observed characteristics. An ability to predict this behaviour and compute its effect in a given case is the focus for the following discussion. In Section 3, some fundamental results for matrix representation of all pass system are reviewed and the basis of the slow convergence of NOILC algorithms applied to non-minimum phase systems is identified in terms of a subspace decomposition of the output (time series) space. Each component is seen to be associated with a subspace in which the NOILC algorithm exhibits different convergence properties. This is used in Section 4 to motivate and construct an approximate model for the slow convergence in terms of a modified NOILC problem with additional linear inner product constraints. This model is then used to predict the transient and asymptotic performance of the algorithm and identify/predict important features of the convergence. Numerical simulations are presented in Section 5 to verify the analysis results and finally, conclusions are given in Section 6.
Problem formulation
In this section, system modelling is summarised and the ILC problem is formulated. The slow convergence observed when NOILC is applied to non-minimum phase plants is then illustrated by a simulation example.
ILC: matrix modelling of plant dynamics
Consider the following discrete time, single-input single-output, linear time-invariant system with transfer function G(z) ¼ C(zI À A) À1 B þ D and state space model 
where t is the time index (i.e. sample number), k is the iteration number and u k (t), x k (t), y k (t) are input, state and output of the system at time t on iteration k. The initial condition x k (0) ¼ x 0 , k ¼ 1, 2, . . . is the same for all iterations. The control objective is to track a given reference signal r(t) defined on a finite duration t 2 [0, N ] (i.e. t is the sample number for time series of length N þ 1) and to do so by repeated execution of the task and data transfer from task to task. Mathematically, following the final time t ¼ N, the state is reset to x 0 and time is reset to t ¼ 0, a new iteration is started and, again, the system is required to track the same reference.
Remark 1: In the literature, iterations are variously termed iterations, trials, repetitions and passes. There is, as yet, no agreement on common terminology.
Before presenting the main results, the matrix operator form of the dynamics is demonstrated using the well-known, so-called lifted-system representation, which provides a straightforward 'N Â N matrix' approach in the analysis of discrete-time ILC (Hatonen 2004; Hatonen, Owens, and Moore 2004; Owens, Hatonen, and Daley 2009) .
Denote the relative degree (pole-zero excess) of the system by k Ã ! 0. Then system model (1) on the kth iteration can be expressed in an equivalent form
where the (N þ 1 À k Ã ) Â 1 vectors of input, output and reference time series u k , y k , r (resp.) are defined as
with tracking error vector e ¼ r À y. Also
and G is defined by the 
or, when k Ã ! 1, :
Remark 2: By construction, the matrix G is nonsingular and hence the control times series u 1 that produces the output y ¼ r can be computed formally as u 1 ¼ G À1 (r À d ). Hence, without loss of generality, it can be assumed that d ¼ 0 by incorporating it into the reference signal (i.e. replacing r by r À d ). In this case
Remark 3: The lifted representation matrix G, although derived from G(z) operates on its time series vectors in a manner described by the transfer function z k Ã G(z).
The above representation changes the original ILC problem into a MIMO tracking problem (Hatonen 2004; Hatonen et al. 2004 ). All the following discussions will be based on this representation although note (Owens et al. 2009 ) that all calculations based on matrix descriptions can be undertaken as calculations using the underlying state space model or associated transfer function.
ILC: problem formulation
Tracking error improvements from iteration to iteration are achieved in ILC using the following general control updating law
where e j ¼ r À y j is the tracking error time series vector on the jth trial. When s40 or r40, (7) is called a high order updating law. This article only considers algorithms of the form u kþ1 ¼ f (e k , u k ). For higher order algorithms, please refer to Bien and Huh (1989) , Hatonen, Owens, and Feng (2006) and the references therein.
The ILC algorithm design problem: The ILC algorithm design problem can now be stated as finding a control updating law (7) such that the system output has the asymptotic property that e k ! 0 as k ! 1.
Remark 4: In practice, this definition is extended to require that convergence to zero is rapid (hence reducing simulation and experimental time and costs) and ideally monotonic in the sense that the mean square tracking error reduces from trial to trial whenever possible.
There are many design methods to solve the ILC problem. The one considered here is that of NOILC which is based on a quadratic (norm) optimal formulation where, at each iteration, the following performance index is minimised to obtain the system input time series vector to be used for that iteration:
The minimisation is subject to the dynamic constraint that e kþ1 ¼ r À Gu kþ1 . Here, in general, Q and R are symmetric, positive definite weighting matrices, kek 2 Q denotes the quadratic form e T Qe and similarly with k Á k 2 R . Solving this optimisation problem gives the following optimal choice for the time series vector u kþ1 :
where G Ã is the adjoint operator of G in the chosen Hilbert space topologies and can be expressed as
Remark 5: Note that the matrices R and Q only provide scaling of the input and output signals and hence, without loss of generality, in what follows they are chosen as This algorithm has many important properties . In particular,
(1) The change in input u kþ1 À u k converges to zero in norm.
(2) For discrete system, the input {u k } converges, and the limit is the input that produces the required output trajectory y ¼ r exactly. That is, the error norm converges to zero. (3) The error sequence has the important property that the error norm (mean square error value) decreases monotonically, i.e. ke kþ1 k5 ke k k 8k ! 0. (4) NOILC can be implemented using a feedforward (trial to trial) and current trial Riccati state feedback elements.
More details on NOILC can be found in Amann and Owens (1994) , Rogers (1996, 1998) , Amann (1996) , .
Non-minimum phase plants in iterative learning control
In many cases, NOILC has shown its ability to achieve both rapid convergence and accurate tracking performance. There are, however, important exceptions illustrated by the following example.
Example 0: The example has two parts, the first of which considers the system with minimum-phase transfer function
and the second, non-minimum-phase system is as above but with s þ 1 replaced with s À 1. In both cases the system is sampled using a zero-order hold with a sampling time of 0.1 s. The chosen trial length is 10 s (from which N ¼ 100) and the reference signal is a sampled version of the sine-wave rðtÞ ¼ sinð 4 3 tÞ shown in Figure 1 . The initial input time series is chosen to be u 0 ¼ 0 for simplicity.
The minimum-phase case has discrete transfer function
with a zero at z ¼ 0.9049. The simulation was run over 20 iterations using the NOILC algorithm and the result is shown in Figure 2 which indicates a reduction (improvement) in error norm by a factor of approximately 10 3 in 20 iterations and a factor of around 10 2 in six iterations. This indicates both high accuracy and rapid convergence. Convergence can, however, be associated with poor performance when the plant is non-minimum phase. Error convergence to zero is still guaranteed but the convergence behaviour is very different. Figure 3 shows error norm the convergence behaviour for the transfer function above with the numerator polynomial replaced by (s À 1). In this case the discrete transfer function is
with a zero at z ¼ 1.1055. The algorithm is seen to reduce error norms rapidly in the first few trials but then it stagnates, moving along a 'plateau' of almost constant error norm with only very small changes from iteration to iteration. For all practical purposes, (i) the input after the 6th trial barely changes and hence (ii) the error appears to be converging to a non-zero value. A significant problem is that the non-zero error achieved is, in this case, only a reduction of a factor of approximately 7.4 in norm over the initial error norm. In practical terms, this is an entirely unsatisfactory outcome. The task undertaken by this article is to explain why this is happening and to model the behaviour with the intention of predicting the stagnated values and signals that will be seen on the plateau.
Remark 6: Although it is intuitively clear from the examples and associated graphics what is meant by the 'stagnated value' or 'plateau', it ultimately has no asymptotic mathematical meaning for the NOILC algorithm. This is because the error is, in fact, simply converging to zero at an infinitesimally slow rate. The plateau seen in the example is therefore a visual phenomenon valid for a large but finite number of iterations but, ultimately, has no relevance to final convergence to zero. Its meaning is therefore transient but valuable as it is what will be observed in practice and is what will ultimately limit the practical tracking accuracy achievable. In what follows, the plateau is taken to be a value typical of error norm values at the onset of slow convergence. This is quantified in terms of behaviours in subspaces.
In the following analysis, attention is focused on the case of single-input single-output systems with m non-minimum phase zeros {z j : jz j j41, 1 j m}. It will be shown that the NOILC algorithm exhibits two different convergence rates characterised by factoring the space of all possible error functions into two subspaces. One of these is associated with the span of time series vectors generated typified by time series of the form fz Àt j , t ¼ 0, . . . , N À k Ã g, 1 j m: This subspace will be denoted by E þ and will be seen to be associated with the onset of slow convergence if the time interval [0, N ] is 'long'. The other subspace can be taken to be its orthogonal complement E ? þ .
Characterisation of E Y
Suppose the non-minimum phase (NMP) system with transfer function G(z) has m NMP zeros
where jz i j41, i ¼ 1, . . . , m are NMP zeros outside the unit circle.
Remark 7: It is also assumed that jb j j51, 1 j i 0 . The rare case when a zero exists on the unit circle is technically more complex and is not considered in this article.
G(z) can be decomposed into the product
where G m ðzÞ ¼
is minimum phase and
is all-pass (i.e. jG(z)j 1, 8jzj ¼ 1). In matrix form, this can be written (Owens et al. 2009 ) as
where G, G m and G a are the lifted matrix representations of G(z), G m (z), G a (z), respectively.
Remark 8: The matrices G a and G m operate on the associated time series vectors in a manner described by the transfer functions G a (z) and z k Ã G m (z), respectively, as G a (z) (resp. G m (z)) has relative degree zero (resp. k Ã ).
The chosen time series subspace E þ will be seen to be defined by
where E aþ is defined in the next section.
Construction of E aY
Suppose that G(z) has m NMP plane zeros described by the list {z i : 1 i m 0 } with z i having multiplicity n i and P m 0 i¼1 n i ¼ m. Using the notation
For example, if z 1 has multiplicity n 1 ¼ 3, it follows that
Next, reverse the order of the elements in i' to construct a vector i' as
It is easy to show that i' , 1 ' n i , 1 i m 0 are linear independent. E aþ is now defined by the relation
Remark 9: Noting that 1 ð1Àz i z À1 Þ ¼ 0 ðz i Þ 0 ðz À1 Þ þ Oððz i =zÞ ÀðNþ1Àk Ã Þ Þ, a simple calculation indicates that, for each 1 ' n i , 1 i m 0 , the time series represented by i' is generated by the impulse response of the transfer function z Àð'À1Þ ð' À 1Þ! ð1 À z i z À1 Þ ' :
Remark 10: In the generic case of n i ¼ 1 8i, a simple calculation shows that these vectors have the notationally simpler form, i ¼ 1, . . . , m,
which, for computational purposes, can be further simplified by scaling to i ¼ 0 ðz À1 i Þ.
Remark 11: The zeros can be real or complex. In the complex case the vector ij and its complex conjugate are simply replaced by their real and imaginary parts. The details are omitted for brevity.
Note that, the subspace E aþ can be associated with the all-pass system G a (z), or its matrix representation G a . To further discuss the properties of this subspace, some important fundamental results on the singular value structure of G a are introduced in the following.
Fundamental results for matrix representation of all pass system
For convenience, the notation from Grenander and Szego (1984) 
in nondecreasing order, the singular values of G a . Then, the following theorem characterises their values:
Theorem 1: If an all pass system G a (z) has the form
where jz i j41, i ¼ 1, . . . , m, then there are two cases possible for the singular values distribution of the matrix representation G a :
Remark 12: Note that in practice, both k Ã and the number of NMP zeros m are small and the time interval N (computed by T/step, where T is the trial length and step is the sampling time) is usually large. Hence N þ 1 À k Ã ) m is the normal practical situation, which is assumed in the following.
The next theorem characterises the eigenstructure of the matrix G a G T a : Theorem 2: For the above all pass system G a , with N þ 1 À k Ã 4m, the eigenstructure of G a G T a has the following form:
(i) the following N þ 1 À k Ã À m linear independent vectors are eigenvectors of G a G T a corresponding to the N þ 1 À k Ã À m eigenvalues of 1:
(ii) The m eigenvectors of G a G T a corresponding to the m eigenvalues that are less than one span the subspace E aþ defined in (21).
Remark 13: The vectors i' , 1 ' n i , 1 i m 0 span the subspace E aþ , but it is important to note that they are not necessarily eigenvectors of G a G T a . However, in the special but not uncommon case when m ¼ 1, it is true that 1 is an eigenvector of G a G T a : Proof: The proof is given in the Appendix. oe
From the above theorems, it can be seen that the Singular Value Decomposition (SVD) of an all pass system G a has the following form: where U, V are orthogonal matrices, m is the order of the system (also the number of NMP zeros) and 1 , . . . , m are the singular values which are less than one. The next theorem shows the important fact that these m singular values will tend to zero as N ! 1.
Theorem 3: For the above all pass system G a , if there are m singular values 1 , . . . , m strictly less than one, then
where jz 0 j41 denotes the magnitude of the NMP zero possessing the least modulus and N is the trial length. As a consequence,
Proof: Please see the Appendix. oe
In the next section, the above results will be used to analyse the slow convergence of ILC for non-minimum phase systems.
Characterisation of E Y
In NOILC (assuming Q ¼ R ¼ I without loss of generality), the control updating law is
and the error evolution equation is
Substituting G ¼ G m G a into (26), it follows that
which is equivalent to
Using the above results, the eigenvalues of G a G T a consist of m eigenvalues 2 1 , . . . , 2 m less than one and N þ 1 À k Ã À m eigenvalues equal to one, i.e.
. . . E aþ is the invariant subspace corresponding to the eigenvalues less than to one. Denote its orthogonal subspace (i.e. the span of eigenvectors corresponding to unity eigenvalues) as E a ? þ . Note that, according to Theorem 2, E aþ is spanned by
where e kþ1 þ 2 E aþ and e kþ1 ? þ 2 E a ? þ : Then (28) can be written as
Denote (N ) ¼ max( 1 , . . . , m ). According to Theorem 3, ðNÞ ¼ Oðjz ÀN 0 jÞ: Hence, using standard norm inequalities and monotonicity of the error norm,
Also, for any x 2 E aþ , with kxk ¼ 1,
This, gives
Oðjz À2N
Remark 14: E þ ¼ ðG T m Þ À1 E aþ and hence
constitute a basis for E þ .
The above discussion can be summarised in the following theorem:
Theorem 4: With the above definitions and constructions, assume that the operator G is generated from a non-minimum phase asymptotically stable SISO system possessing m NMP zeros with transfer function G(z). Assume also that G(z) has the minimum-phase/all-pass decomposition G ¼ G m G a . Then, using the NOILC algorithm, for all 2 E þ ¼ span{ i' },
where jz 0 j41 is the magnitude of the NMP zero with the least modulus.
The following remark addresses the issue of how the relation (36) can be interpreted as N increases.
Remark 15: Varying N implicitly changes the dimension of the underlying time series space so taking the limit as N ! 1 needs careful definition. For our purposes it is only necessary to observe that the right hand side of (36) goes to zero when N ! 1 if the elements of ke 0 k remain uniformly bounded as we vary N. The growth on the right hand side is then of the order of ffiffiffiffi N p Oðjz À2N 0 jÞ which tends to zero as N ! 1.
The interpretation of the above is that, with jz À2N 0 j sufficiently small, the change in the component of e kþ1 À e k in the subspace ðG T m Þ À1 E aþ ¼ E þ will be infinitesimally small (relative to the norm of ke 0 k). In geometric terms the space of error time series E can be divided into two parts:
(1) the change in error from iteration to iteration in the subspace E þ is small and hence the error norm of the projection onto this subspace decreases very slowly. (2) All substantial activity in error norm reduction can be regarded as taking place in the orthogonal subspace E ? þ . (3) As the error norm is monotonically decreasing, the error norm will 'plateau' out once the activity in E ? þ is completed. These observations, in the author's opinion, convincingly explain and parameterise what is happening in the case of NOILC applied to NMP systems. The analysis is not relevant to minimum phase systems as, in this case, it is natural to take G a (z) ¼ 1, G a ¼ I and hence E aþ ¼ {0}.
Remark 16: Note that the basis for the validity of above results is that 2 ðNÞ ¼ Oðjz À2N 0 jÞ is sufficiently small, which is clearly related to the positions of NMP zeros, as well as the time interval N. A simple interpretation of the condition that jz À2N 0 j is small is that the underlying time interval [0, N ] is long relative to the 'time constants' associated with the zeros of the system. This is consistent with the observations in Amann and Owens (1994) .
Finally, for the special, but important, case of m ¼ 1, consider the following all pass system:
Its matrix form is Taking determinants, gives the smallest singular value as (G a ) ¼ 1 ¼ jz 1 j À(Nþ1Àk Ã ) . It follows that (N ) ¼ jz 1 j À(Nþ1Àk Ã ) which provides a useful explicit relationship with the position of the zero z 1 and the time interval N.
Modelling slow convergence using linear
constraints The analysis and interpretation presented in the previous section is now used to motivate the construction of an approximate mathematical model of the onset of slow convergence behaviour of NOILC for a non-minimum phase system G under the assumption that the time interval N is sufficiently long (or, more precisely, jz À2N j j is sufficiently small for all 1 j m). Details are given below.
Construction of an approximate model of slow convergence
To construct the approximate model, motivated by (36) it is assumed that, to a good approximation, and for the purposes of calculation, a good prediction of behaviour over a large number of trials can be described by replacing Oðjz À2N 0 jÞ by zero (equivalent to setting i ¼ 0, 1 i m). That is, the approximate model of NOILC performance up to the onset of slow convergence will assume that the error sequence satisfies the following linear constraint(s) for a large number of iterations:
Equivalently, he kþ1 À e k , i i ¼ 0, 1 j m:
As e kþ1 À e k ¼ ÀG(u kþ1 À u k ), this constraint can be written as u kþ1 2 kþ1 where kþ1 ¼ fu : hu À u k , j i ¼ 0, 1 j mg:
Here j ¼ G T j , 1 j m span the subspace G T E þ .
Remark 17: The introduction of these linear constraints is the mechanism used to construct the proposed model of algorithm evolution that explains and predicts the behaviour of NOILC when applied to plants with NMP zeros. The implications of this are analysed below. The approximation will break down as iterations progress as, ultimately, the error does go to zero. The model is proposed as a good approximation over initial and possibly large number of trials where onset of the plateau/stagnation effect is seen in practice.
The model of NOILC behaviour when applied to a non-minimum phase system is that (1) the signal u kþ1 computed from NOILC can be approximated by the solution of the constrained optimisation problem
(2) and that the limit, as k ! 1, of these solutions provides a good approximation to behaviour on the plateau.
Lagrange multiplier solution of the approximate model
The solution to the constrained optimisation problem is approached using Lagrange multiplier techniques, i.e. by minimising the Lagrangian
over all u kþ1 2 kþ1 and all scalars j (the Lagrange multipliers). The necessary condition for a minimum is that J kþ1 is stationary at the optimal u kþ1 and suitable values of ¼ [ 1 , 2 , . . . , m ] T .
Remark 18: The addition of these constraints will be seen to retain all properties of the NOILC algorithm except that the error sequence {e k } k ! 0 does not necessarily converge to zero.
The solution of this problem is stated in the following theorem which uses the definition of P to denote the self-adjoint, orthogonal projection onto the span of m linearly independent vectors 1 , . . . , m . In more detail,
where M is the symmetric, positive definite (and hence nonsingular) m Â m matrix with (i, j ) element h i , j i and (x) is the m Â 1 vector with ith element h i , xi. P has the following properties:
Theorem 5: Using the above notation and constructions, the solution of the constrained NOILC algorithm on the (k þ 1)th iteration takes the form
and the error evolution
The error norm has the monotonicity property
In addition, e k converges to e 1 (in the norm topology) and it can be computed from the formula e 1 ¼ P e 0 , or, equivalently,
The limiting norm can be computed using
Proof: First, note that the choice u ¼ u k is suboptimal and the monotonicity property is easily proved. The conditions for a stationary point of the Lagrangian consists of the constraint equations and, taking the Fre´chet derivative with respect to u kþ1 , the equality
Taking the inner product with i and using the constraints,
which is just 0 ¼ (G T e kþ1 ) À M . It follows that
Now operate with G to obtain e kþ1 À e k ¼ ÀGðI À P ÞG T e kþ1 , which can be written as
with the natural identification of the Learning Operator L. This gives
The following three important invariance properties are now demonstrated
where LjS denotes the restriction of the linear operator L to the subspace S. Consider the above error evolution equation and write
By construction,
It immediately follows that the restriction LjE þ of learning operator L to E þ is the identity, i.e. LjE þ ¼ I.
In particular, L k e 0þ ¼ e 0þ for all k ! 0. Now letṽ 2 E ? þ be arbitrary and set v ¼ Lṽ or, equivalently,ṽ ¼ L À1 v. Taking the inner product with arbitrary w 2 E þ then gives
It follows that v 2 E ? þ and hence that LE ? þ & E ? þ . Now examine the quadratic form hx, L À1 xi with x 2 E ? þ arbitrary but non-zero. Note that hx, G(I À P )G T xi ! 0, equality holding if, and only if,
It follows that kLjE ? þ k 1 1þ 2 5 1. The error evolution equation can now be written as
from which, using kLjE ? þ k 5 1 from the above, gives lim
According to the definition of E þ , it immediately follows that e 1 ¼ P m j¼1 j j where ¼ ½ 1 , . . . , m T ¼ M À1 ðe 0 Þ and hence the error norm ke 1 k 2 can be computed as required. This completes the proof of the theorem. oe
The theorem is a precise description of properties of the proposed constrained NOILC model. In what follows, these ideas are interpreted in terms of anticipated performance of the real NOILC algorithm.
Summary and interpretation of the results
Consider a single-input single-output, stable nonminimum phase system with NMP zeros z j , 1 j m, outside the unit circle satisfying the condition that all values of jz À2N j j, 1 j m are sufficiently small. Then, convergence takes the form of initial reductions in error norm in E ? þ followed by a 'plateau' where error norms in E þ reduce infinitesimally from iteration to iteration. The chosen model of the effect of these zeros as linear equality constraints on the dynamics of NOILC characterises predicts the error e 1 on the 'plateau' as follows:
and the value of error norm along the plateau using
The real (unconstrained) NOILC algorithm moves along this plateau for many iterations but ultimately drifts away from the plateau to converge to zero error. This can typically take more iterations than are practical for applications purposes and will not be observed.
Remark 19: In the case when the plant has only one NMP zero z 1 the equations simplify to produce
This formula can be simplified using an approximation replacing 1 by 0 ðz À1 1 Þ (increasingly valid as the z ÀN 1 ! 0) motivated by the asymptotic characterisation
and the fact that the formulae are unchanged if 1 is scaled. This result is proved in the Appendix.
Using this approximation, 
and
The above can be used to complete this section. More precisely, it is noted that the error seen on the plateau is small only when (e 0 ) is small. This can be achieved under two conditions only:
(1) The initial tracking error signal e 0 is small in norm or, more generally, (2) the quantities5 j , e 0 4, 1 j m are all small, which can be true if e 0 is not small but is small in some time interval [0, N 0 ] & [0, N ] with jz N 0 j j ) 1, 1 j m: This could be achieved naturally if, for example, the plant has zero initial conditions and the reference r is zero in [0, N 0 ]. Choosing u 0 (t) to be zero in this interval achieves the objective with no effort.
Numerical simulation
In this section, numerical examples are provided to verify the analysis results. The simulation compares the prediction with real simulation using different time intervals, as well as different initial input choices.
Consider the following non-minimum phase system:
which is sampled using zero-order hold and a sampling time of 0.1s. The consequent discrete time model is
and there is a single NMP discrete zero at z 1 ¼ 1.1055 (so that z 0 ¼ z 1 ).
Example 1: The trial length is set to the relatively small value of T ¼ 3 (only 50% more than the slowest time constant and only three times the time constant associated with the NMP zero). The number of sample intervals N ¼ T/step ¼ 30 and the reference is a sampled version of the sine-wave sinð 4 3 tÞ shown in Figure 4 . The initial input is chosen to be u 0 (t) ¼ 0, t ¼ 0, . . . , N À 1. The simulation was run over 20 iterations which is sufficient to demonstrate the main performance characteristics.
In this case, the critical value 2 ðN Þ ¼ z À2N 0 ¼ 0:0024: The simulation results are shown in Figures 5 and 6 , where slow convergence is not observed as there are substantial differences between the approximate model predictions and the simulation results over this iteration range. The algorithm does however provide a good indication of where convergence begins to slow (between iterations 3 and 5) but the plateau effect is not strong in this case. This is explained intuitively by the observation that the trial length T ¼ 3 is not large compared with the 'time constant' T z ¼ 1 associated with the zero. The next example increases T to verify this.
Example 2: The trial length is now increased to the value T ¼ 8 and the reference signal is the sine-wave input rðtÞ ¼ sinð 4 3 tÞ shown in Figure 7 . The initial input is chosen to be u 0 (t) ¼ 0, t ¼ 0, . . . , N À 1. The simulation was now run over 40 iterations and the results are shown in Figures 8 and 9 .
It can be seen the approximated model proposed now provides a good, accurate description of the slow convergence phenomenon over the iteration range displayed, the plateau is well-defined visually and this 'final' tracking error on the plateau is estimated to a high accuracy.
Finally, the proposed model predicts that the plateau value ke 1 k 2 depends on the initial error e 0 and hence the initial control input u 0 . To verify this and also to show again that the results can predict observed behaviour accurately for different initial inputs, the inputs u 0 (t) ¼ 0, u 0 (t) ¼ 100, u 0 (t) ¼ t, were considered. The results are shown in Figure 10 again confirming the validity of the analysis results. The above examples show that the theory is capable of accurately predicting the effect of NMP zeros on tracking accuracy when that effect is substantial. The next example shows that this remains true even when the effect is small.
Example 3: The trial length is again T ¼ 8 and the reference signal is generated by the sine-wave input u Ã ðtÞ ¼ sinð 4 3 tÞ shown in Figure 7 . The initial input is chosen to be u 0 (t) ¼ 0, t ¼ 0, . . . , N À 1. The simulation was run over 150 iterations and the results are shown in Figures 11 and 12 .
In this example, the optimal input u Ã does not contain any exponentially increasing components and hence the effect of NMP zero was intuitively expected to be small but non-zero. From the figure, this is seen to be the case. It can be seen that even, in this case, the approximated model proposed provides a quite accurate description of the slow convergence phenomenon. The convergence performance is well predicted and the 'final' tracking error on the plateau is estimated to a high accuracy.
Finally, different initial inputs are used to verified the results of the analysis. Figure 13 again confirms the validity of the analysis results.
Conclusion
This article has modelled observed behaviour of norm optimal iterative learning control (NOILC) when the plant has one or more non-minimum phase (NMP) zeros. This observed behaviour consists of two phases of convergence. The first occurs in the first few iterations where the algorithm normally exhibits good (and potentially rapid) error norm reductions. The second phase then sets in and exhibits extremely slow reductions, typically so slow that, to all practical intents and purposes, the algorithm is not converging. The plot of error norm ke k k against k appears to form a plateau at a constant value that represents the best experimental accuracy that can be achieved in practice.
Based on the belief that it is important that this phenomenon and its implications for design are understood, the analysis has been used to motivate the construction of a model of the phenomenon. This was initiated by writing the plant as a product G ¼ G m G a where G a is an all-pass network arising from the NMP zeros and G m is minimum-phase. It was then proved that the self-adjoint operator G a G T a almost annihilates well-defined signals associated with the zeros. The span of these signals is an m-dimensional subspace E aþ of the output signal space. It has then been proved that convergence of error projections into E þ ¼ ðG T m Þ À1 E aþ is inevitably slow whilst, in contrast, convergence of the component in the orthogonal complement E ? þ can be rapid. Based on this analysis, it has been proposed that, to a good approximation, the NOILC algorithm is behaving as if it is subject to m equality constraints (orthogonality conditions). These constraints are identified and the model has been used to predict both the values of the tracking error and error norm value associated with the plateau using Lagrangian methods. The model provides some insight into the effects of initial error e 0 and hence reference signal on the algorithm behaviour and suggests that, in general, a plateau at a small value of error norm will only occur if either the initial error e 0 is small in norm and/or the reference signal has an initial period of inactivity over a time interval greater than the time constants associated with the inverse of the NMP zeros. Finally, the predictions of the model have been shown to be good in various numerical simulations.
Further work is needed to generalise the ideas to the case of multi-input multi-output systems (where the same phenomenon occurs but the characterisation of zeros is much more complex). In addition, effort will be put into asking whether or not the analysis can produce new ILC algorithms that produce improved behaviour for NMP plants.
Finally, the formulae in this article have been given for the case of weightings Q ¼ R ¼ I. The relevant formulae for the more general case of Q ¼ qI, R ¼ rI (where q40, r40 are scalars) are obtained by replacing the matrix representation G by q 1/2 Gr À1/2 . Figure 13 . Comparison of convergence for Example 3 with different initial inputs.
is impossible. To prove this notice that
is finite length if and only if x 0 (z) cancels all the poles of G a (z). This, however, cannot happen because x 0 (z) has m À 1 non-zero zeros while G a (z) has m non-zero poles. It follows that there are exactly N þ 1 À k Ã À m linear independent solutions of (A3) and these correspond to N þ 1 À k Ã À m singular values equal to one, which means ðNþ1Àk Ã Þ i 5 1 for 1 i m and ðNþ1Àk Ã Þ i ¼ 1 for m þ 1 i N þ 1 À k Ã .
Case 2: N þ 1 À k Ã m In this case, it can be seen from the discussion above that no solutions exist that satisfy (A3). Hence all the singular values must be less than one.
The proof is now complete. oe
Appendix B: Proof of Theorem 2
Before proving Theorem 2, the following lemma is proved.
Lemma 1: For the given all pass system G a , when N þ 1 À k Ã 4m, the eigenspace of G T a G a has the following structure:
(i) the following N þ 1 À k Ã À m linearly independent vectors are eigenvectors of G T a G a corresponding to the N þ 1 À k Ã À m eigenvalues of 1: ð Þ ða 0 þ a 1 z À1 þ Á Á Á þ a mÀ1 z ÀðmÀ1Þ þ a m z Àm Þ, i ¼ 1, . . . , N þ 1 À k Ã À m:
(ii) The m eigenvectors of G T a G a corresponding to the m eigenvalues that are less than one form an m-dimensional subspace S a .
(iii) If the zeros {z i } are distinct, then S a is spanned by
each of which can be identified with the first N þ 1 À k Ã terms of the impulse response of the transfer functions i z ð Þ ¼ 1 1 À z i z À1 , i ¼ 1, . . . , m:
(iv) If one or more zeros has multiplicity n i 41, S a is spanned by vectors, 1 ' n i , 1 i m 0 , computed from the vectors
where 0 (z) ¼ [1, z, z 2 , . . . , z NÀk Ã ] T . Equivalently, these vectors have elements equal to the first N þ 1 À k Ã elements of the impulse response of z Àð'À1Þ ð' À 1Þ! ð1 À z i z À1 Þ ' , 1 ' n i , 1 i m 0 :
Proof: The first part (i) of this theorem follows directly from the proof of Theorem 1. Denote the subspace spanned by v i , i ¼ 1, 2, . . . , N þ 1 À k Ã À m as V. Part (ii) follows from matrix algebra.
To prove parts (iii) and (iv), note that the eigenvectors of G T a G a corresponding to the m eigenvalues that are less than one span a subspace orthogonal to V, which is denoted as V ? .
Examining part (iii), note first that, as the z i are distinct, the vectors i , i ¼ 1, . . . , m are linearly independent (as they then form the columns in a nonsingular Van der Monde matrix). It only remains to prove that i ? V, 1 i m, when it follows that they span the subspace V ? of interest. This follows as v T j i ¼ z jÀ1 i ða 0 þ a 1 z i þ a 2 z 2 i þ Á Á Á þ a m z m i Þ ¼ 0 from the definition of z i . The proof of (iv) requires more effort. For notational convenience, let n(z) ¼ a 0 þ a 1 z þ a 2 z 2 þ Á Á Á þ a m z m from which it can be deduced that, for all j ! 1, d 'À1 dz 'À1 z jÀ1 nðzÞ Â Ã j z¼zi ¼ 0, 1 ' n i , 1 i m 0 :
Now define, 1 ' n i , 1 i m 0 ,
dz 'À1 0 ðzÞj z¼zi , 0 ðzÞ ¼ ½1, z, z 2 , . . . , z NÀk Ã T :
A simple calculation then yields the orthogonality conditions, for all j, 1 ' n i and 1 i m 0
dz 'À1 z jÀ1 nðzÞ Â Ã j z¼zi ¼ 0:
It remains to relate these vectors to the transfer functions stated. To do this, note initially that the result follows trivially for ' ¼ 1 as i1 has elements that are equal to the coefficients in the power series expansion of 1 1 À z i z À1 ¼ 1 þ z i z À1 þ z 2 i z À2 þ z 3 i z À3 þ Á Á Á :
For '41, note that
has elements that are the coefficients of 1, z À1 , z À2 , z À3 , . . . in the power series expansion of @ 'À1 @z 'À1 i 1 1 À z i z À1 ! ¼ z Àð'À1Þ ð' À 1Þ! ð1 À z i z À1 Þ '
That completes the proof of the lemma. oe
